DIFFERENTIABILITY OF MATHER'S /3-FUNCTION VS 
MANE'S CONJECTURE 

DANIEL MASSART 

Abstract. We prove that if a time-periodic Tonelli Lagrangian on a 

\1. ", closed manifold M satisfies a strong version of the Differentiability Prob- 

I ■ lem for Mather's /3-function, then the Legendre transforms of rational 

(^ ' homology classes are dense in the first cohomology of A'l, which is a first 

rvj , step towards Mane's conjecture. 
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1.1. Tonelli Lagrangians. Let M be a compact, connected manifold with- 
out boundary. For the sake of brevity we shall refer to such manifolds as 
closed. A Tonelli Lagrangian on M is a C^ function on TM x T, where T is 
"^ ■ the circle M/Z, satisfying the following conditions : 

(1) for every {x,t) G M x T, the function v i-^ L{x,v,t) is superlinear 

(2) for every {x,v,t) G TM x T, the bilinear form d'^L{x,v,t)/dv'^ is 
positive definite 

(3) the local flow <l>t defined on TM x T by the Euler-Lagrange equation 
for extremals of the action of curves is complete. 

^«0 I A good example to keep in mind is the sum of a Riemann metric, viewed 

as a quadratic function on TM, and a time-periodic potential (a function 
. on M X T). See |Mr9H IF] for more background and references. When the 

(<— ^ I Lagrangian does not depend on t G T, it is called autonomous and we omit 

cn ' the factor T. 

The following classical way to obtain invariant subsets of the Euler- 
Lagrange flow was introduced by Mather in |Mr91j . Define A4inv to be 
the set of <I>i-invariant, compactly supported, Borel probability measures on 
TM X T. Mather showed that the function (called action of the Lagrangian 
on measures) 

■Minv ^ IK 

is well defined and has a minimum. A measure achieving this minimum is 
called L-minimizing. The union of the supports of all minimizing measures 
is called Mather set, and denoted A4{L). The following classical trick gives 
us more invariant sets from the same construction. If w is a closed one- 
form on M, then L — uj is again a Tonelli Lagrangian, and it has the same 
Euler-lagrange flow as L. Besides, by |Mr91j . if ^u € Minv, the integral 
ItmxT ^^t^ °^^y depends on the cohomology class of w. A measure achieving 
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the minimum of 

where u is any closed 1-form in the cohomology class c, is called (L, c)- 
minimizing. Thus, for each cohomology class c € H^{M,W), we find a 
Mather set M{L,c). 

1.2. Mane's problem. The upside of this measure-theoretic construction 
is that it readily yields an existence theorem. The downside is that we 
don't know what the minimizing measures look like. One of the most basic 
questions one may ask is, if we choose the Lagrangian randomly, what are 
the minimizing measures ? are they supported on fixed points or periodic 
orbits ? if not, how big are their supports ? 

In [Mn951 IMn96j . R. Maiie proposed the following problem (sometimes 
stated as Mane's conjecture, although Mane's conjecture is a stronger state- 
ment published in a later paper |Mn97j ): 

Problem 1.1. Is it true that given a Tonelli Lagrangian L on a manifold 
M, there exists an residual subset 0{L) of C^{M x T), such that for any 
f € 0{L), there exists an open dense set U{L,f) of H^(M,M.), such that for 
any c £ U{L,f), there exists only one {L + f,c) -minimizing measure, and it 
is supported by a periodic orbit ? 

The case when M is the circle is treated in [O09] . with some arguments 
provided by |Mr02j . The analogous problem in codimension one Aubry- 
Mather theory is dealt with in [BM11| . However, the full statement of 
Problem 11.11 seems way out of reach for the time being, so it makes sense to 
look for similar, but simpler, problems. 

First, we leave aside the question of the openness, and focus on finding 
a dense set of cohomology classes. Second, we relax the requirement on the 
support of the minimizing measure, by replacing it with some condition on 
its homology class. Let us explain what the homology class of a measure is. 
For any /j. G Minv, the homology class [fj] is the unique h G Hi{M,M.) such 
that 

{[oj] ,h) = udfi 

JtmxT 
for any closed one- form u on M. This is well defined because if /x € ^Ainv, 
the integral J^j^^^^wd/i only depends on the cohomology class of m. 

Now let us explain the notion of irrationality of a homology class. The 
torsion- free part of Hi{M,'L) embeds as a lattice F in i?i(M, M). A class 
h £ Hi(M, M) is called integer if it lies in F, and rational if nh € F for some 
n G Z. A subspace of Hi{AI,M) is called integer if it is generated by integer 
classes. 

The quotient i:fi(M, M)/F is a torus T^, where b is the first Betti number 
of M. For h in Hi{M, M), the image of Z/i in T** is a subgroup of T**, hence 
its closure T{h) is a finite union of tori of equal dimension. This dimension 
is called the irrationality I{h) of h (it is denoted Ii{h) in [Mt09]). It is zero 
if h is rational. We say a class h is completely irrational if its irrationality 
is maximal, i.e. equals b. In the same way, if f is a vector of M", we call 
irrationality of v the dimension of the image of Zf in M"/Z". Note that the 



DIFFERENTIABILITY OF MATHER'S /3-FUNCTION VS MANE'S CONJECTURE 3 

irrationality of h equals that of nh for n € Z, n 7^ since the quotient of 
T(/t) by T{nh) is a group of cardinality n. 

As an example let us look at the homology class of a measure supported on 
a periodic orbit. Assume 7: [0, T] — > M, with T € N, is a C^ closed curve 
such that (7, 7, t) is a periodic orbit of ^f Then the probability measure fi-y 
on TM X T such that, for any continuous function / on TM x T, 

fdfi^ = ^ f /(7(t),7(t),t)di 

TM ^ Jo 

is <l>t-invariant and supported on (7,7,^), so it belongs in Adinv Its ho- 
mology class is y [7]. Therefore [fiy] is rational. Conversely, one may ask 
whether an invariant measure with a rational homology class is supported 
on a periodic orbit. It is true when M = T, or when dimM = 2 and L 
is autonomous (see |CMP04j ). however, it is false in general. Still, a good 
starting point for Problem 11.11 is the following 

Problem 1.2. When is it true that given a Tonelli Lagrangian L on a 
manifold M, there exists a dense set U{L) of H^{M,W), such that for any 
c G U{L), there exists a {L,c) -minimizing measure with a rational homology 
class ? 

1.3. The Differentiability Problem. In this paper we mean to explain 
the relationship between Problem 11.21 and another important question in the 
field, the differentiability problem for Mather's /3-function. First we need to 
define some objects. Mather's a-function is the opposite of the minimum in 
Equation ([T]), that is, 

a: H^{M,R) — > R 

c I — > -mini Jj,j^j^j{L -uj)diJ.: fi e Minv, [^] = c\ . 

This is a convex and superlinear function (see [Mr91] ). so it has a convex 
dual 

/3: Hi{M,R) — >R, 

defined by 

yheHi{M,R), (3{h)= sup {{c,h)-a{c)). 

c6-f/i(Af,K) 

Actually Mather ([Mr91]) proved that 

V/i G Hi{M,R), 13(h) = min i / Ldfi: fi £ Minv, [fi] = h\ . 

By the superlinarity of a and /3, the suprema in the definitions of a and 
(3 are actually maxima. In particular min a = — /3(0), and for all c E 
i/i(M,M),/i G Hi{M,R) we have the Fenchel inequality : 

a(c)+/3(/i) > {c,h). 

For any h € Hi{M,R), we call Legendre transform of h with respect to /3, 
the set 

dp{h) :={cGi/i(M,M): a(c) + /3(/i) = {c,h)}. 
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Likewise, for any c G H^{M, M), we call Legendre transform of c with respect 
to a, the set 

da{c) :={heHi{M,R): a{c) + f3{h) = {c,h)}. 

The functions a and /3 are sometimes called effective Hamiltonian and La- 
grangian, respectively. They resemble the Hamiltonian, or Lagrangian, in 
that they are convex and superlinear; on the other hand, they need not be 
strictly convex, nor smooth, that is, the sets df3{h) and da{c) need not have 
cardinality one. By convex duality, it is equivalent to study the differentia- 
bility of /3, and the strict convexity of a. 

When M = T, the following theorem says everything about the differen- 
tiability of (3 : 

Theorem 1.3 ( |Mr901 [Ba94] ). If M = T then f3 is differentiable at every 
irrational homology class. It is differentiable at a rational homology class if 
and only if periodic orbits in this class fill up T. 

If we want to extend this theorem to higher dimensional manifolds, it 
seems natural to proceed as follows. A convex function has a tangent cone 
at every point. We say that /3 is differentiable in k directions at h if the 
tangent cone to /? at /i contains a linear space of dimension k. We are 
thus led to ask whether (3 is always differentiable in at least k directions 
at a k-irrational homology class. This will henceforth be referred to as the 
Differentiability Problem. Mather conjectures the answer is yes for C°° 
Lagrangians. The answer to the Differentiability Problem is yes for all C^ 
Lagrangians when M = T by Theorem 11.31 It cannot be yes in general by 
|BIK97j . 

1.4. A stronger version of the DifFerentiabihty Problem. 

Definition 1.4. Let 

• M be a closed manifold 

• L be a Tonelli Lagrangian on TM x T 

• h be a homology class in IIi{M,M). 

We define 

Vh := {A (c - c', a{c) - a{c)) : c.d (i df3{h), X G M}. 

In plain language, Vh is the underlying vector space to the affine space 
generated by the subset {(c, a{c)) : c G d/3{h)} of H^{M, M) x R. We define 

Vh := {A (c-c): a, c' G 5/3(/i), A G M}, 

that is, Vh is the canonical projection of Vh to H^{M,M.). 

Recall that a vector subspace of H^ (M, M) x R = i^^ (M x T, M) is integer 
if it is generated by integer cohomology classes. A slight modification of 
|Mt09] , Proposition 20 (see Proposition I2.10p says that if for every h G 
Hi{M,M), Vh is integer, then the answer to the Differentiability Problem is 
affirmative, that is, fi is always differentiable in at least k directions at a 
k-irrational homology class. 
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1.5. An even stronger version of the Differentiability Problem. In 

|Mt03j we proposed the following approach to the Differentiability Problem, 
based on the notion of Aubry set, as defined by Fathi in [F] (see subsec- 
tion 12. 2p . For the time being all we need to know is that given a Tonelli 
Lagrangian L: TM x T — > M and an homology class /i, the Aubry set 
A{L, h) is a compact subset of TM x T which is invariant under the Euler- 
Lagrange flow of L, and projects injectively to M x T. The projection of 
A{L^ /i) to M X T is called the projected Aubry set, and denoted A{L, h). 
Another important object in weak KAM theory is the so-called quotient 
Aubry set, originally defined in |Mr02j (see also |FFR09] . and |BelOj ). See 
subsubsection [2! 2 . 1 1 for the precise definition. 

The idea of [Mt03j is to relate the differentiability of j3 with the topology 
of the complement in M x T of the projected Aubry set. 

Let Eh be the set of {c,t) e H^{M x T,M) = H'^{M,R) x i7i(T,M) such 
that there exists a smooth closed one-form a; on M x T with [uj] = (c, r) 
and supp(a;) PI A{L, h) = 0. Let Eh be the canonical projection of Eh to 
H^{M,'R.). By a slight modification (see subsubsection [TS . 1 p of Theorem 14 
of |MtQ7] ( |MtQ3) in the autonomous case) we have, for every h € Hi{M, M), 
Eh C Vh. 

What this has to do with the Differentiability Problem is summed up in 
Corollarv 12.111 which says that if, for every h G Hi{M, M), we have Eh = Vh, 
then we have an affirmative answer to the Differentiability Problem. 

1.6. NoAv at last we can state our main theorem. The meaning of our 
main result is, roughly speaking, that if we have an affirmative answer to the 
strong version of the Differentiability Problem stated in Subsection ll.51 plus 
some non-degenaracy conditions which are satisfied by a generic Lagrangian 
thanks to |BC08 ]. or when the dimension of M is small by |FFR09j . then 
we have an affirmative answer to Problem II. 2^ which is a weak version of 
Problem 11.11 which is itself a weak version of Marie's conjecture. All of 
which is to say that Marie's conjecture is a pretty bold statement. In |FR) . 
another approach to Mane's conjecture is taken, by relaxing the regularity 
condition : instead of looking for a residual subset of C°° (M) , the authors 
look for a residual subset of C'^{M). 

Before stating our result, let us point out that given a cohomology class 
c, it is equivalent to say that there exists a (L, c)-minimizing measure with 
a rational homology class, and to say that there exists a rational homology 
class h such that c € dj3{h). With that in mind, the following theorem 
partially answers Problem 11.21 

Theorem 1.5. Let M he a closed manifold, and let L he a Tonelli La- 
grangian on TM X T. Assume that for every h € Hi{M,M.), Vh = Eh, 
and the quotient Auhry set Ah has Hausdorff one- dimensional measure zero. 
Then the set of cohomology classes 

[jd/3{h): he Hi{M, R), h rational 

is dense in H^{M,'R.). 

This theorem is proved, in the context of codimension one Aubry-Mather 
theory, as Proposition 2.2 of |BMllj . In the codimension one theory, the 
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non-degeneracy hypothesis-that is, the quotient Aubry set being small- is 
not necessary, and a is C^, which makes the proof a little easier. 

2. Preliminaries 

2.1. Flats of a and /3. Throughout this paper we shall pay special at- 
tention to the parts of the graph of a (resp. /3) which are contained in 
proper afiine subspaces of i:f^(M,M) x M (resp. i?i(M,R) x M). Such sets 
are called flats of a (resp. /3). We shall often identify a flat of a (resp. /3) 
with its canonical projection to //"^(M, M) (resp. /7i(M, M)). When L is 
autonomous, by |Ca95] . a (not /3) is constant on its flats. The sets of the 
kind 5/3(/i), da{c) are the most obvious examples of flats. 

We call relative interior of a flat of a (resp. /3), its interior in the affine 
subspace it generates in H^ (M, M) x M (resp. B.\ (M, M) x R) . Recall Lemma 
A.3 of [MtTT] : 

Lemma 2.1. Let 

• E be a finite dimensional Banach space 

• A: E — > M 6e a convex and superlinear map 

• xq be a point of E 

• I be some (possibly infinite) set 

• Fi, i & I be a family of flats of A such that xq lies in the relative 
interior of Fi for all i € /. 

Then there exists a flat F containing Fi for all i & I such that x is an 
interior point of F. 

This lemma enables us to speak of the largest flat of a containing a 
cohomology class c in its relative interior. We denote it by Fc. 

Lemma 2.2. Let 

• E be a finite dimensional Banach space 

• A: E — > R 6e a convex and superlinear map 

• B: E* — > R be the Fenchel dual of A. 

Take x in E and y € E* in dA{x). Then any flat of A containing x in its 
interior is contained in dB{y). In particular, if x lies in the relative interior 
of dB{y), the largest flat of A containing x in its interior is dB{y). 

For our purposes, this means that if c is a cohomology class which lies 
in the relative interior of df3{h), for some homology class h, then F^ the 
largest flat of a containing c in its relative interior, is d/3{h). 

2.2. Aubry sets. Define, for all n G N, 

/i„ : (M X T) X (M X T) — > R 

{{x,t),{y,s)) I — > min//+"L(7,7,t)dt 

where the minimum is taken over all absolutely continuous curves 
7: [t, s + n] — > M such that j{t) = x and 7(5 + n) = y. Note that this 
is a slight abuse of notation, since we denote by the same t an element of 
T = R/Z or the corresponding point in [0, 1[. The Peierls barrier is then 
defined as 

h: (M X T) X (M x T) — > R 

((x,t),(y,s)) I — > liminf„_^oo/in((a:,t),(y,s)) . 
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The Aubry set is 

A{L) := {{x,t) e M X T: h{{x,t),{x,t)) = 0} . 

The image of the Aubry set under the canonical projection (vr, id) : TM x 
T — > M X T, where id is the identity map from T to itself, is called projected 
Aubry set and denoted A{L). For the sake of brevity, we may sometimes 
say Aubry set rather than projected Aubry set. 

2.2.1. Quotient Aubry sets. Consider the equivalence relation on Aq defined 
by {x,t) f» iy,s) if and only if h{{x , t) , {y , s)) + h{{y , s) , {x , t)) = 0. The 
classes are called static classes. The quotient Aq/ ~ is a metric space with 
distance 



d{{x, t), {y, s)) = h{{x, t), {y, s)) + h{{y, s), {x, t)), 



where {x,t) is the equivalence class of {x,t). It is called quotient Aubry 
set and denoted Aq after |Mr02j . The distance d{{x,t), {y,s)) is called the 
Mather distance. 

The property of the quotient Aubry set that we use the most is the fol- 
lowing upper semi-continuity property : when the quotient Aubry set of L 
has 1-dimensional Hausdorff measure zero, by Corollary 5 of [BelOj , for any 
neighborhood V of A{L) in TM, there exists a neighborhood U of L in the 
C^ compact-open topology such that for any L' in U, we have A{L') C V. 

The quotient Aubry set of L having 1-dimensional Hausdorff measure zero 
is not a rare phenomenon : by |BC08] . given a Tonelli Lagrangian L on a 
closed manifold M, there exists a residual subset 0{L) of C°°{M), such that 
for every / € 0{L), for every c G H^{M, M), the quotient Aubry set of (L, c) 
is a finite set. Also, by |FFR09] . for any autonomous Tonelli Lagrangian 
L on a closed manifold of dimension two, the quotient Aubry set of L has 
1-dimensional Hausdorff measure zero. 

2.3. Aubry sets and faces of a. As in the case of Mather sets, if w 
is a closed one- form, L — lo has an Aubry set, which depends only on the 
cohomology class c of w. We denote it ^(L, c) or just A{c) when no confusion 
is possible. For the convenience of the reader we recall Proposition 6 of 
|Mt03j ( |Be02j for the time-periodic case) : 

Proposition 2.3. Let M be a closed manifold and let L: TM x T — > M 
be a Tonelli Lagrangian. If a cohomology class ci belongs to a flat Fc of ai 
containing c in its interior, then A{c) C A{ci). In particular, if ci lies in 
the interior of Fc, then A{c) = A{ci). Conversely, if two cohomology classes 
c and c\ are such that A{c) r\A{c\) ^ 0, then ai has a flat containing c and 

Cl- 

So for any flat F of a and any ci , C2 in the relative interior of F, the Aubry 
sets A{ci) and A[c2) coincide. We denote by A{F) the common Aubry set 
to all the cohomologies in the interior of F. Recall that for any homology 
class /i, dj3{h) is a flat of a. For brevity we shall denote by A{h) the Aubry 
set A{d[i{h)), or A{L, h) when we need to emphasize the dependance on the 
Lagrangian. 
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2.3.1. Now we look at the interplay between the dimension of Fc, and the 
size of the Aubry set of c. 

We call Vc the vector space generated by the pairs (c' — c,a{c') — a{c)) 
where c' S Fc- We call Vc the canonical projection of Vc to H^{M, M). So, by 
Lemma [221 when c lies in the relative interior of df3(h) for some homology 
class h, we have Vc = Vh, with Vh as in Definition 11.41 

Definition 2.4. Let Ec he the set of {c',t) G H^{M x T,M) = H^{M,M.) x 
i7^(T,R) such that there exists a smooth closed one-form ui on M x T with 
[oj] = {c' ,t) and suppioj) n A[L,c) = 0. Let Ec he the canonical projection 
of Ec to H^{M,R). 

Note that if c lies in the relative interior of dj3{h) for some homology class 
/i, we have Ec = E^, with E^ as defined in subsection II. 5[ 

The following theorem is proved in |Mt07| (see |Mt03| for the autonomous 
case). 

Theorem 2.5. Let L he a Tonelli Lagrangian on a closed manifold M , and 
let c he a cohomology class in LL^{M,M). Then we have Ec C Vc- 

Therefore, for every h G i:fi(M, M), we have E^ C V/^, because every Ej^^ 
(resp. Vh) is an Ec (resp. Vc) for some c G ^/'-'^(M, R). 

Since the Differentiability Problem requires the integrality of Vh, rather 
than Vh-, we first extend Theorem 12.51 to Ec and Vc- However we have to be 
careful because of the sign of a[c) in the respective definitions of Ec and Vc- 
Define a map 

flip: H^{M,m.) X M — > H^{M,R) x R 
{c,t) I — > {c,-t). 

Lemma 2.6. Let L he a time-periodic Lagrangian on a closed manifold M , 
and let a he a cohomology class in f/^"*^ (M, M) . Then 



Ec C flip ( Vc 
and Ec = Vc if and only if Ec = flip ( V 



Proof- First we observe that Vc is the graph, over Vc, of the map c' i— )• 
a(c') — a(c). Now recall Lemma 15 of [Mt07j : 

Lemma 2.7. If uo is a closed one form on M xT, with [lo] = {c,t) G 
H^{M,M) X if-'^(T,M), and // is an {L,c) -minimizing measure, then 

{L — oj)dfi = —a{c) — T- 

Consequently, if {c',t) G Ec, and ci; is a smooth 1-form on M x T with 
[w] = {c',t) and supp((x)) n A{L,c) = 0, we have, for any (L, c)-minimizing 
measure /i, 

—a{c') — T = {L — u)d^ = / Ldfi = —a{c) 



so r = a{c) — a{c')- Therefore Ec is the graph, over Ec, of the map c' i— )• 
a{c) — a{c')- Thus 
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• Ec dVc entails Ec C flip ( ^ I , and since the former is always true, 
so is the latter. This proves the first statement of the lemma. 

• Ec = Vc entails Ec = flip ( ^ ) j which proves the first implication of 
the second statement. The converse implication is obvious. 

n 

Corollary 2.8. Let L he a time-periodic Lagrangian on a closed manifold 
M, and let c be a cohomology class in H^{M,'K). Then Ec = Vc entails that 
Vc is an integer subspace of H^{M,W) x M. 



Proof. By Lemma 12.61 Ec = Vc yields Ec = flip i^c) , and by Corollary 

IA.21 Ec is an integer subspace of ii""^(M, R) x M. Now the map flip leaves 
the integer lattice invariant, so it takes an integer subspace to an integer 
subspace. 

D 

In |Mt09j we prove the following proposition: 

Proposition 2.9. Let L be a Tonelli Lagrangian on a closed manifold M 
with first Betti number b. Assume that for every cohomology class c, Vc is 
an integer subspace of H^{M x T-^,M). Let h be a k-irrational homology 
class. Then f3 is differentiahle at h in at least k directions. 

This implies that if Vc is an integer subspace of H^{AL x T^, M) for every 
c G -ff^(M, R), then we have an afhrmative answer to the Differentiability 
Problem. However, in the proof of Proposition 12.91 we only use cohomology 
classes which lie in the relative interior of dj3{h). So what we actually prove 
is 

Proposition 2.10. Let L he a Tonelli Lagrangian on a closed manifold M 
with first Betti number b. Assume that for every homology class h, Vh is an 
integer subspace of H^{M x T^,M). Let h be a k-irrational homology class. 
Then (3 is differentiable at h in at least k directions. 

Proposition 12.101 and Corollarv 12.81 combine to prove the following corol- 
lary, which explains why the hypothesis Eh = Vh for any homology class h 
in our main theorem contains an affirmative answer to the Differentiability 
Problem : 

Corollary 2.11. Let M be a closed manifold and let L: TMxT be a Tonelli 
Lagrangian on M. Let h € Hi{M,M.) he a k-irrational homology class such 
that Eh = Vh- Then /3 is differentiable at h in at least k directions. 

2.4. One last lemma before we go. Let us choose, for every c € H^{M, M), 
a closed one-form a;(c) on M x T, such that [w] = {c,a{c)), in such a way 
that the map c i— )• a;(c) is linear (hence continuous since 6i(M) is finite). 

Recall that Fc is the maximal face of the epigraph of a that contains 
{c,a{c)) in its relative interior. This definition makes sense by Lemma |2. II 
By Proposition 12.31 we also have 

Fc{L) :={(c',a(c')) : A{L,c) C AiL,c')}. 

Lemma 2.12. Let 
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• M he a closed manifold 

• L he a Tonelli Lagrangian on TM x T 

• c he a cohomology class in H^{M,E.). 

Then 

Fo{L-ojic))=F,iL)-ic,0). 

Proof. First observe that for any cohomology class c', 



fj- 



aL-u(c)ic) = - inf / (L - uj{c) - uj{c')) dfi 



= — inf / (^L — oj{c + c')) djj, 

= aLic + c). 

Now, for any cohomology class c', 

{c',aLic) 
A{L,c 

A{L - uj{c) 

A{L - cj(c) 

(c' -c,aL-uj(c){c' - c) 



[a' -c,aL{c] 



C A{L,c')<^ 

C A{L-oj{c'))^ 

C A{L - uj{c) - u){c - c)) 4^ 

e FoiL-uic))^ 

€ Fo{L-u;{c)). 

D 



3. Lower semi-continuity results 

When proving our main theorem we shall have to deal with the following 
situation : we have a sequence of homology classes /i„ that converges to 
some h. We know that the Aubry set of /i„ has some nice property P. So 
for any Cn in the relative interior of dl3{hn), the Aubry set of Cn has property 
P. We would like to deduce that any c € df3{h) lies in the closure of the set 
of cohomology classes whose Aubry sets have property P. For this we need 
to show that any c € d(3{K) is a limit point of a sequence c„ in in the relative 
interior of df3{hn). This is false in general but Lemma 13.21 below covers our 
needs. This is the reason why we include this rather technical section. 

3.1. Lower semi-continuity of F^. The meaning of the next lemma is, 
roughly speaking, that under appropriate non-degenaracy hypothesis, the 
maximal face of a containing c in its interior is lower semi-continuous as a 
function of c. 

Lemma 3.1. Let 

• M he a closed manifold 

• c be a cohomology class in H^(M,]R.) 

• Lq be a Tonelli Lagrangian on M 

• Ac be the Aubry set of{Lo,c) 

• a be the a -function of Lq 

• Fi be a compact, convex subset of the relative interior of Fc{Lq) 
containing {c,a{c)) in its relative interior. 
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Assume that Ec[Lq) = Vc{Lq), and, for every cohomology class c' in the 
relative interior of Fc{Lq), the quotient Aubry set of {Lq,c') has Hausdorff 
one- dimensional measure zero. 

Then there exists a neighborhood U of Lq in the C^ compact-open topology, 
such that for all L £ V(, denoting by ai the a-function of L, for all d such 
that {c',a{c')) € Fi, we have {c',a{c') — a{c) + aiic)) € Fc{L). 

Proof. Replacing Lq with Lq — uj, where uj is any closed one- form with co- 
homology c, we assume that c = 0. For the sake of brevity we denote 
Fq := Fq{Lo). Since Fi is contained in the relative interior of Fq, by Propo- 
sition [2?3l for any {c,a{c)) S Fi, A{Lq,c) = A{Lq). Since Eq{L) = Vq{L), 
there exists a neighborhood U of Aq in M x T such that for any (c, a(c)) E Fq, 
there exists a closed one-form cj on M x T, supported outside of U , such 
that [w] = (c, a(c)). 

We have made the hypothesis that for any cohomology class c in the 
relative interior of Fq{Lq), the one-dimensional Hausdorff measure of the 
quotient Aubry set of L — io{c) is zero. So, by [BelO], the Aubry set is 
semi-continuous, as a function of the Lagrangian, at Lq — oj{c) for every c 
in the relative interior of Fq, where w(c) is defined in Subsection 12.41 Thus, 
for every c such that (c, a{c)) lies in the relative interior of Fq, there exists 
a neighborhood lAi{c) of Lq in the C^ compact-open topology, such that for 
all L in Ui{c), we have A{L, c) C U . 

Now for any [c,a{c)) in Fi, there exists a neighborhood V{c) of c in Fq, 
and a neighborhood U{c) of Lq in the C^ compact-open topology, such that 
L — u}{c') + w(c) lies in Ui{c) for any c' in V{c) and any L in U{c). This 
is where we use the fact that Fi is contained in the relative interior of Fq. 
Observe that for any L, c, c' , 

A{L - uj{c') + uj{c), c) = A{L, c), 

so for all {c,a{c)) € Fi, 

(2) Vc'gF(c), yLeU{c), A{L - uj{c') + u;{c),c) = A{L,c) C U. 

Cover the compact set of c's such that (c,a(c)) G Fi by finitely many 
y(c)'s, sayy(ci),...y(c„). Then 

n 

U:=f]Uici) 

i=l 

is a neighborhood of Lq in the C^ compact-open topology. Take any (c, a{c)) € 
Fi. Let i be such that c G T^(cj). Then for any L &U, we have L G U{ci), 
so by Equation ([2]) we have ^(L,c) C U. Recall that ii^o(-^o) is generated 
by 1-forms supported outside of U. Thus for any c such that {c,a{c)) G Fi, 
for all L ^U, 

Eq{Lo) c e,{l) c ye(i). 

Recall that Vc{L) is the underlying vector space of the afiine space generated 
by Fc{L), so for any L €U, for any c such that (c, a(c)) G Fi, the graph of 
ai contains an open subset of (c, 0^(0)) + Eq. 

Now let us prove that for any c such that (c, a{c)) G Fi, we have 0^(0) = 
a(c) + 0^(0) — a(0). Pick any c such that (c, a(c)) G Fi, and consider the 
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map 

[0,1] — > M 

t I — > aL{tc). 

This map has the same derivative as the map t i — > a{tc) because for any 
t G [0,1], the graph of ql contains an open subset of (tc, aL(tc)) + Eq, 
while the the graph of a contains an open subset of (tc, a{tc)) + Eq. Thus, 
for all t £ [0,1], we have aL{tc) = a{tc) + 0^(0) — a(0), in particular 
aiic) = a{c) + 0^(0) — a{0). 

Since this is true for any c such that {c,a{c)) € -Fi, the graph of ai, 
contains Fi + (0, ql(0) - a(0)). D 

3.2. Lower semi-continuity of 9/3(L, /i). The next lemma says that 9/3 (L, /i) 
is lower semi-continuous as a function of L and h, when h is restricted to a 
special subspace of Hi (M, M) . 

Lemma 3.2. Let 

• M be a closed manifold 

• L be a Tonelli Lagrangian on TM x T 

• a denote the a-function of L 

• Ln a sequence of Lagrangians that converges to L in the C^ compact- 
open topology 

• ho be a homology class in Hi (M, M) 

• Co be a cohomology class in the relative interior of dj3{L, ho) 

• Ho:={heHi{M,R): a{c) - a{c') = {c-c',h) yc,c' e dl3{L,ho)} 

• hn,n G'N be a sequence in Hq that converges to ho 

• c„ be an element of dj3{Ln, hn) for each n G N, such that the sequence 
Cn converges to some c G d/3{L, ho). 

Assume that -E/i,, = V/j„, and, for every cohomology class c in the rela- 
tive interior of d/3{ho), the quotient Aubry set of {L,c) has Hausdorff one- 
dimensional measure zero. 

Then Cn + co — c lies in d(3{Ln, hn) for n large enough. 

Proof. We shall denote a„ and /3„ the a and /3 functions of L„, respectively. 
First observe that 

a(co) + /3(/io) = (co,/io) 
a{c) + (3{ho) = (c, /lo) 

since c, cq G dj3{ho), so a(co) — a{c) = (cq — c, ho). Besides, c„ G dj3{Ln, hn), 
so 

an(c„) + /3„(/i„) = (c„,/i„) 

= (c„ + co -c, /i„) + (c-co,/i„) 

< a„(c„ + co -c) + /3„(/i„) + a(c) -a(co) 

where we have used the Fenchel inequality for c„ + cq — c and /i„, and the 
fact that hn G Ho. Therefore 

(3) an{cn) + a{co) - a{c) < an{cn + Co - c). 

We shall now prove, for n large enough, the converse inequality 

(4) an{cn) + a{co) - a{c) > an{cn + Co - c). 
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It will follow that 

an{cn + Co - c) + (3n{hn) = an(cn) + a(co) - a(c) + /3„(/l„) 

= (c„,/i„) + (c-co,/i„) 

= {Cn + Co - C, hn) 

using the Fenchel equality for Cn and hn, and the fact that /i„ E Hq. There- 
fore Cn + Co — c € d/3{Ln, hn), which proves the lemma. 

Now let us prove Equation ^. Since cq lies in the relative interior of 
dl3{ho), by LemmaO 

F,,{L) = {{c,aL{c)): c G d(3{ho)} . 

Since c lies in dl3{ho) and co lies in the relative interior of dl3{ho), there 
exists a positive e such that 

{(co + t(c-co),a(co) + t(a(c)-a(co))) : te [-2e,l]} C Fco{L). 

Therefore 



^1 := {(co, a(co)) + t (c - co, a{c) - a(co)) : t £ 



1 
■^'2 



} 



is contained in the relative interior of Fc^{L). So by Lemma [3. 11 there exists 
N en such that for all n > iV, 

(5) i^i + (0,ai„_^(c„)+^^(c)(co) -a(co)) C Fco(L„ - w(c„) + w(c)) 

where uj{cn),io{c) are defined as in 12.41 Thus, taking t = 1/2 and t = 0, we 
have, Vn > A^, 

co + c. , . .co + c 

«L„-^(c„)+a;(c)( ^ ) " aL„-^(c„)+^(c) (Coj = «( ^ J " "(Co) 

a(c) — a(co) 
2 
and, recalling that aL„-a;{c,0+a;(c)(-) = "nC- + c„ - c), 

(6) Vn > N, Unicn -\ — ) - anicn + Cq - c) = - {a{c) - a(co)) . 

Combining Equation ([5]) and the fact that 

. . .. f cQ + c a{co) + a{c) \ 
(co,a(co)), ( ^— ' 2 J ^' 

we get that 

(co,a(co)) + (0,aL„-a;(c„)+a;(c)(co) " "(cq)) = (co, aL„-a;(c„)+a;(c) (co)) 

= (co,an(co + c„ -c)) 
and 

'co + c a(co) + a(c) , f \ r \\ 

+ (0,aL„-a;{c„)+<^(c)(co) " a(co)) 



2 ' 2 

Co + c q(c) - a(co) 

2 )"L„-a;(c„)+L^(c)(Coj H 

Co + c , , , a{c) - a(co) 

r , an(Co + Cn- C) -\ 
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both lie in Fc^i^Ln — uj{cn) + uj{c)). Recall that by Lemma [2.121 
Fc^+co-c{Ln) - (c„ - c, 0) = Fco (L„ - uj{cn) + w(c)) . 
Therefore (cq + Cn — c, an(co + Cn — c)) and 

Co - c q(c) - a(co) 

Cn H ^ ,an[Co + Cn- C)-\ 

both lie in Fc„+co-c(in)- 

Now let us take some /i^ in da{Ln, Cn + cq — c). First let us observe that 
for any c' such that (c',a„(c')) G Fc^^co-dLn), we have c' G dl3{Ln,h'^)- 
Indeed the projection to i/^(M, M) of -Fc„+co-c(-^n) is a flat of a containing 
Cn + Co — c in its relative interior, and h'^ lies in da{Ln, c„ + cq — c). Then, 
applying Lemma [2.21 with x = Cn + cq — c and y = /i^, we get that the 
projection to ^/'-'^(M, M) of Fc„+co-c{Ln) is contained in dl3{Ln,h'^), which 
proves our claim. 

Hence both c„ + co — c and Cn + 2~-'^(co — c) lie in dl3{Ln, h'^), that is, 

an(c„ + Co -c) +/3„(/l^) = (c„ + Cq - C, /l^) 



Or 



(cn + -^^j +/3„(/l^) = {Cn + -^^—,h'J 



whence 



,co-c , / co-c\ 

\ ^ , /in) = "niCrt + Cq - c) - a„ I C^ H I 



and, using Equation Q, Vn > A^, (cq — c, /ij^) = a(co) — a{c) (that is, 
/i^ G -fTo)- Therefore 

a„(c„) +/3„(/i^) > {cn,h'J 

= {cn + co-c,h'J + {c-co,h'^) 

= a„{cn + Co - c) + Pnih'n) + a{c) - a{co) 

which proves Equation |H and the lemma. El 

4. Density of Legendre transforms of rational homologies 
Theorem 11.51 is an immediate corollary of the following 

Theorem 4.1. Let 

• M be a closed manifold 

• L be a Tonelli Lagrangian on TM x T 

• U be an open set of H^{M,M.), such that for all h in the Legendre 
transform V := da{U) of U , E^ = Vh and the quotient Aubry set 
Afi has Hausdorff one- dimensional measure zero. 

Then the Legendre transform V = da{U) contains a rational homology class. 

Proof. Recall that V , the Legendre transform of U , is the set of homology 
classes h such that for some c G U, < c,h >= a{c) + /3{h). In Appendix 
lA.ll we define a rational affine subspace subspace of Hi (M, M) as a subset 
of Hi{M,M) defined by affine equations with integer coefficients. We shall 
prove by induction on A; = 0, 1, . . . bi{M) — 1 the following alternative : 

• either V contains an open subset of a rational affine subspace H/^ of 
Hi (M, M) , of codimension k 
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• or there exists an open subset Uk of U, and integer one- forms wi, . . . ci;fc_(_i 
on M X T, whose cohomology classes are hnearly independant in 
H^{M X T,M), and such that 

Vc G Uk, Vi = 1, . . . A; + 1, AcCi supp(^j = 0. 

In the first case, by Lemma [A.31 V contains a rational homology class, so we 
are done. Assume we are in the second case for k = 6i(M) — 1. Set [uji] = 
{ci, Ti) G H\M, R) X H^{T, R) for each i = 0, . . . bi{M) - 1. Pick c e Uk and 
an (L, c)-minimizing measure /i. We have J ujid^ = because supp/i C A{c) 
and (suppwj) n .4(c) = 0. On the other hand J ujidfi = {ci,h) + tj. Now 
Ti € Z because Wj is an integer one-form, so {ci,h) G Z for i = 1, . . . bi{M). 

Note that {ci,h), = 1, . . . bi{M) — 1, are the coordinates of h in the basis 
of Hi{M,R) dual to the basis Ci,i = 0,...bi{M) - 1 of H'^{M,R). This 
basis consists of integer cohomology classes, so its dual consists of rational 
homology classes. This proves that h is rational, and the proposition. 

Let us start the induction with A; = 0. 

First case. Assume that for all h in V, dim.d/3{h) = 0, that is, d(3{h) is 
a point. Then let us show that V is open in Hi{M,R). Take 

• heV 

• a sequence /i„ in Hi (M, R) such that /i„ converges to h 

• a sequence c„ in H^{M, R) such that < c^, hn >= a{cn) + P{hn) for 
ah n G N. 

Since a is superlinear, the sequence Cn remains within some compact subset 
of H^{M,R), hence we may assume that c„ converges to some c. Then by 
continuity < c,h >= a(c) + /3(/i) so c G df5{h). Since we assumed that dl3{h) 
is a point, we have df3{h) = {c}. Now recall that h (^ V, so c £ U. Hence 
Bhq G N, Vn > no, Cn £ U. Therefore Vn > no, hn £ V, which proves that 
V is open in Hi(M,R), hence it contains a rational homology class. 

Second case. Assume that for some h in V, dim9/3(/i) > 1. Since 
h £ V, we have dj3{h) n C/ 7^ 0, and since U is open, U must then meet 
the relative interior of df3{h). Take c G C/ in the relative interior of d(3{h). 
Then the Aubry set, (resp. quotient Aubry set), of c, are the Aubry set 
(resp. quotient Aubry set) of h. In particular the quotient Aubry set Ac has 
Hausdorff one-dimensional measure zero. 

Furthermore, Fc, the largest face of a containing c in its relative interior, 
is dl3{h) by LemmaE21 Thus Vc = Vect9/3(/i), which yields Ec = Yectd(3{h) 
by our assumption on U. So the dimension of Ec is at least one. Moreover 
Ec is an integer subspace of H^{M,R) by Lemma |A.2[ So we may find an 
integer one-form wi on M x T, such that [wi] G Ec and the support of uji is 
disjoint from the Aubry set of c. 

Moreover, by the upper semi-continuity of the Aubry set, there exists a 
neighborhood Ui of c in U, such that 

Vc' G Ui, A{c') n suppwi = 0. 

This finishes the first induction step. 

Assume now we have carried out the induction process until the k-th step 
for some 1 < A; < 61 (M) — 2. If we are in the first case of the A:-th step, 
there is nothing left to do, so assume we are in the second case. 
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Set [cji] = {ci,Ti) £ H^{M,M) x H'^{T,R) for each i = 0,...k. Let 
Hk be the rational affine subspace of Hi{M,M) defined by the equations 
(cj, .) = — Tj for i = 1, ... A; + 1. Denote by V^ the Legendre transform of 
Uk- Then any /i G V^ is the homology class of a c-minimizing measure // for 
some c G Uk- The support of fi does not meet suppwj so (cj, [fj]) = —Ti for 
i = 1, . . . A; + 1. Moreover, 

Mh e Vfc, Vect(ci, . . . Cfc+i) cEcdVcC Yectd/3{h), 

where the last inclusion holds because c € df3{h), whence Fc C dp{h) by 
Lemma 12.21 Thus the dimension of df3{h) is > A: + 1. 

First case. Assume that for all h G Vk, dim. d/3{h) = k + 1, that is, for all 
h G Vfc, Vect(ci, . . . Ck+i) = Vect5/3(/i). Let us show, then, that Vk is open 
in Hk- Take 

• ho €Vk 

• cq € Uk such that cq lies in the relative interior of d(3{hQ) 

• a sequence hn in iif^ such that hn converges to ho 

• a sequence c„ such that c„ G d/3{hn) for all n G N 

Taking a subsequence if we have to, we may assume the sequence c„ con- 
verges to some c in df3{ho)- We want to apply Lemma [3^ to hn so we have 
to check that for every c,c' in 9/3 (/iq), we have 

(7) a{c) - a{c) = {c- c',hn). 

Take c, c' in 0/3(/io), so we have a(c)— a(c') = {c—c', ho). Since Vect(ci, . . . Ck+i) 
Vect5/3(/io), there exist real numbers Ai, . . . A^+i such that c—c' = Yli=i ^i^i^ 
so (c — c',/io) = — l^j=i AjTj. Now since /i„ G //fci we have, for all i = 

1, . . . , /C + 1, (Cj, /l„) = -Tj, so (C - C', /l„) = - Y!i=l ^i^i = «(c) " Oi{c'), 

which proves Equation ([7]). 

Then by Lemma 13.21 there exists A^ G N such that Vn > A^, c„ + cq — c G 
dp{hn)- Now c„+co — c converges to cq so for n large enough, c„+co — c G C/fc. 
Then hn (zVk, which proves that 14 is open in H^. 

Second case. Assume that for some /i G 14, dim df3{h) > A; + 1. Take c 
in the relative interior of df3{h). We have Ec = Yectd f3{h) as in the second 
case of the first step so the dimension of Ec is at least A: + 2. Since Ec is 
an integer subspace of /7^(M, R), we may find linearly independant integer 
one- forms uji, . . . uJk+2 such that 

Vi = 1, . . . A: + 2, A{c) n suppui = 0. 

Moreover, by semi-continuity of the Aubry set, there exists a neighborhood 
Uk+i of c in f/fc, such that 

Vc' G C/fc+i, Vi = 1, . . . A; + 2, A{c) n suppcjj = 0. 

This finishes the (/c + l)-th induction step, and the proof of the theorem. D 



Appendix A. Integrality of Ei 







The following lemma is not directly useful for the proof of Theorem 11.51 
only Lemmata IA.2I and IA.3I are. However we believe it might be useful in 
future work on the subject, so we beg the reader to bear with us for a while. 

Lemma A.l. Let 
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• M be a closed manifold, equipped with a Riemann metric 

• 61 (M) be the first Betti number of M 

• F be a closed subset of M 

• Ff: be the open e-neighborhood of F in M , for any positive e 

• Ef^ be the set of cohomology classes of closed 1-forms on M supported 
outside F^ 

• Eq be the set of cohomology classes of closed 1-forms on M supported 
outside F 

• H^ be the subset of Hi (M, M) that consists of the homology classes 
of cycles contained in F^ 

• Eq be the set of homology classes h in Hi{M,M.) such that (c, h) = 
for all c in Eq. 

Then there exists eo > such that for any < e < eo, any element of 
Eq is represented by a cycle contained in F^, with at most bi{M) connected 
components. 

Proof. Observe that 

V < e' < e, E,C E,> and H,f C H,. 

Also, since £^e (resp. i?'g) is a vector subspace of i^-^ (M, M) (resp. Hi{M,R)), 
which is finite dimensional since M is compact, there exists eo > such that 

V < e < eo, E, = E,^, and H, = H,^,. 

Since F is compact, any element of Eq is contained in E^ for some e > 0, so 
Eq = E^^y 

Denote by H^ the set of cohomology classes c in H^{M,M.) such that 
(c, h) = for all h in H^. 

First let us show that H^ = Eq for any < e < eo- Take 

• < e' < e < eo 

• an element c of H^ 

• a closed 1-form w on M such that [uj] = c 

• a smooth function ip on M such that <p{x) = 1 for all x in F^/, and 
(p{x) = for all X in M \F^. 

Then the integral of uj vanishes on any cycle contained in F^, hence uj is 
exact inside F^, that is, there exists a C^ function /: F^ — > M such that 
UJ = df inside F^. 

So the closed 1-form uj — d{(pf) is cohomologous to uj, and vanishes iden- 
tically inside F^i, so c € E^^i = Eq. Therefore H^ C Eq. The converse 
inclusion is obvious, so 

V < e < eo, i?,^ = Eq. 

Hence by duality (recall that the dimension of Hi (M, R) is finite) 

V < e < eo, H, = E^, 

that is, any element h of Hi{M,M) such that {c,h) = 0, Vc G Eq, is repre- 
sented by a cycle contained in F^ for any < e < eo- 

We still have to prove the statement about the number of connected com- 
ponents. Consider the map J: Hi{F^,M.) — t- H^ induced by the inclusion 
of -Fe into M. The map J is surjective by definition of H^. The connected 
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cycles contained in F^ generate Hi{F^,M), hence they generate H^. There- 
fore we may find a basis of H^ that consists of connected cycles contained 
in F^ . The cardinal of this basis is at most 61 (M) since H^ is a vector sub- 
space of Hi (M, M) . Therefore any element of H^ is represented by a linear 
combination of at most 61 (M) connected cycles contained in F^. 

D 

Lemma A. 2. Let 

• M be a compact manifold without boundary 

• F be a closed subset of M 

• Eq be the set of cohomology classes of closed one forms on M sup- 
ported outside F. 

Then Eq is an integer subspace of H^ (M, M) . 

Proof. Re-using the notation of the previous lemma, we have H^ = Eq for 
any < e < eo- Now by the Universal Coefficient Theorem, Hi{F€,M) 
is generated by integer classes, so H^ is an integer subspace of i?i(M, M). 
Therefore H^ = Eq is also integer. D 

A.l. Rational afRne subspaces. We say an afhne subspace of Hi{M,'R) 
is rational if it is defined by equations of the form (q, h) = Ti, i = 1, . . . /c, 
where Cj, i = 1, . . . k, are integer cohomology classes, and rj€Z,i=l,.../c. 
What we need to know about rational affine subspaces is the 

Lemma A. 3. Let H be a rational affine subspace of Hi{M,M).Then H D 
Hi{M,Q) is dense in H. 

Proof. Let (q, h) = Ti, i = 1, . . . k he the equations that define H. Discard- 
ing some equations if we have to, we may assume that q, i = 1, . . . k are 
linearly independant. Take integer cohomology classes Ck+i, ■ ■ -Cb such that 
ci, . . . Cb is a basis of ii''^(M, M) as a vector space. Then the numbers (cj, h) 
are the coordinates of h in the basis of Hi{M,M) dual to ci, . . . c^, which 
consists of rational homology classes. Then the homology classes h which 
satisfy 

{ci,h) = Ti, i = 1,. . .k 

{ci,h) € Q, i = /c + l,...6 

are rational, and they form a dense subset of H. D 
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